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One-Dimensional Harmonic Lattice Caricature
of Hydrodynamics: Second Approximation
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The long-time behavior of an infinite chain of coupled harmonic oscillators is
studied. In addition to a limiting “hydrodynamic™ (Euler-type) equation, the
“next approximation” is investigated. The corresponding equation is derived.

KEY WORDS: Harmonic oscillators; hydrodynamic limit; second approxi-
mation.

1. INTRODUCTION

This paper continues the work!") devoted to the derivation of a limiting
“hydrodynamic” (Euler) equation for the infinite chain of harmonic
oscillators. We refer to ref. 1 (where basic notations are taken from) for a
detailed discussion of this topic for the model under consideration and to
refs. 2-4 for the statement of the problem in a general framework. The
“BEuler” equation for the harmonic oscillator model is written in terms of a
spectral density matrix function (SDMF) profile,

F(t; x,0)=(F*(t; x,0),0, f=1,2), t,xeR,0e[—n,7)
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which describes the “macroscopic” time evolution of local equilibrium
parameters. It reads

A J -
EF(t;x,0)=1<1(t9)——‘F(t;x,0), 0e[—mn), t,xeR' (11)
ot 0x
where

(1.2)

A(@)zia)’(())( 0 _1/“’(0)>

w(6) 0

and

w(0)=[z V(k)exp(ik@)]l/z, fe[—n, n)

keZ

V(-) is the harmonic interaction sequence. The precise definition of the
SDMF is (see Theorem 3.1 below)

2 " do e F(5x,0) = Tim <yt (67'0) V46710

where yi=g, is the position and y;=p, the momentum of the jth
oscillator.

The main goal of this paper is to derive an equation for the next
correction (in various senses) to the limiting Euler equation.

Our interest in this problem comes from a widespead belief (which was
presumably initiated by a remark of Morrey [5]) telling that the Navier-
Stokes equations appear when one takes into account, in addition to the
limiting formulas, the first order correction in ¢, the scaling space time
parameter. It turns out that a “simple” version of the “corrected” equation
for the harmonic oscillator chain is of the form

2

. 7 - & .
%F(t; X, 0)=A(9)5;F(t; X, 9)+8B(9)6—F(t; x,0)0e[—nn),t, xeR!

X2
(1.3)

where

(1.4)

B(0)=iw”(0)<w0 _1/“’(9)>

(0) 0

The precise formulation of this assertion is given by Theorem 3.1. We
must say that this theorem, in its present form, establishes a “correcting”
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property of Eq.(1.3) (w.rt Eq.(1.1)) only in a weak sense: Eq. (1.3)
provides a good approximation for the harmonic oscillator evolution on
larger time intervals. However, we are yet not able to prove (although it
looks reasonable) that Eq. (1.3) takes into account a// terms of the order &,
l.e. to prove that

11/2nJ de ™ E*P(1; x, 0) = < y2,19(e 1) ¥E g, k(671 e ~O(e)
It could be appealing to associate the additional term in the r.hs. of (1.3)
with a “viscosity” of a “medium” composed by harmonic oscillators.
However, we prefer to be more reserved about this point of view. We
notice that “higher order” corrections to the Euler equation also may be
derived. They have a structure similar to (1.3) and are established by
means of similar arguments.

The paper is organized as follows. After a short preliminary section we
present in Section 3 a simplified version for deriving the Euler equation
(1.1).° The next approximation is discussed in Section 4.

2. PRELIMINARIES

Let y = (R' x R")Z be the phase space of the one-dimensional classical
spin system on Z. The harmonic oscillator system is described by the
following formal Hamiltonian:

H)= 3 | i+ V=K g 1)
ieZ keZ
(the symbol Z in the summation will be omitted).

We assume that the potential has the same properties as in ref. 1. It is
well known that the infinite system of motion equations associated with the
Hamiltonian (2.1) has a unique solution for initial conditions from a subset
x' of y that is large enough to be the support of interesting states
(probability measures on y). Fof details see refs. 6 and 7.

Given x=(g,, p1)ey’, we can write the solution of the motion
equations in the standard way:

q (1) =3, LULL(2) q,+ U (1) p/] (2.2a)

Pk(t)zz LU () g+ UL (1) p/] (2.2b)

i

5 This is based on a remark due to J. Fritz.
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where
UL\ (1) =1)2n jﬁ df e cos[w(6)1] (2.32)
UL2(1)=1/2n f‘ g e~ 5‘3-50—‘“(—%)—’1 (2.3b)
U\ (1)= —1/2n jﬁ df e~ *%0o(0) sin[e(0) 1] (2.3c)

and
()= {; e”‘"V(lk|):|1/2 (2.4)

3. THE EULER LIMIT

In this section we give a simpler derivation of the Euler limit for the
harmonic oscillator system.

Let a family of 2 x 2 matrices F(x, )= {F*(x, 0), 0, f=1,2}, xe R},
fe[—mn, ) (an initial SDMF profile), be given with the following
properties):

A. For every fixed xe R! and «, f =1, 2 the function 8 —» F*#(x, 0) is
bounded on [ —=, 7} and the inverse Fourier transform

Feb(x)=1/2n f " d e E(x, 9)

satisfies the bound

sup |[Fpf(x)| <ajexp(—aq k|), keZ'
xeR
where a,, a, are positive constants.
B. For every fixed xeR' the diagonals F"'(x,-) and F?%(x,-) are
nonnegative even functions and the off-diagonals F'?(x, -) and F>!(x, )
obey

F12(x, —0)=F"(x, 0)= F>'(x, —=0) = F*!(x,0), 0e[—n,7)

C. For fixed xeR' and e[ —=, n) the matrix F(x, 8) is positive
semidefinite.
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D. For every §e[ —n, n) the functions F*(-,8), o, f=1,2 are C!
and the function

X = sup
e[ —mn, )

% FoP(x, 9)'
is bounded uniformly on finite intervals.
Let {P°}, >0, be a family of states with the following properties:
L yidp=0, jeZ £>0, ax=12
2. Ky p—FrP ()]
<min[b, exp(—a |j—k|), ebg |/ — k| ], o, f=1,2

where b, and b, are suitable positive constants.

3Ky s <d(lj—kl), X Wyh)<oo  with y>2

h>0
where  is monotonic.
Here and below we use the notation
V=4, yj=pp JE€L
In the Euler regime we study the limits

Fri(e; x)=1in‘(1) <y%£’xx](871t) y{f{e*l,x]+l(£71t)>Pes 2, =12 (3.1)

which are related to the locally invariant quantities.
The following theorem describing the Euler limit was proven in ref. 1:

Theorem 3.1. Under conditions A-D and 1-3 the limits (3.1) exist
and for ¢ different from zero are given by

Feb(s; x) = 1)2n j 40 e~ ER(1: x, 0), @ f=1,2

where
FL(1; x, 0)
= (U {F" (x+ () 1, 0) + F (x —w'(6) 1, 0)}
+ [1/4w(0)*1{F>*(x + 0'(8) 1, 0) + F**(x —w'(8) 1, 0)}
+ [1/20(8)1{Im F*2(x + '(0) £, 0) — Im F12(x — w'(8) 1, §)}
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FY2(1; x, 0)
= Liw(0)41{F" (x+'(8) 1, 0)— F*(x—w'(8) 1, 0)}
+ [i/40(0)1{ F**(x + ' (8) 1, 0) — F**(x — ' (0) 1, 6)}
+(i/2){Im F'2(x + 0'(9) 1, 0) + Im F'2(x —'(8) 1, 0)}
(5, x,0)= —F"2(£; x, 0)
F22(t; x, 0) = (0)? FY\(1; x, 0)

The matrix function
F(t;x,0)= (F**(t;x,0), o, f=1,2), 1,xeR', Oe[—n, )

satisfies Eq. (1.1).
It is useful to notice that for any 7€ R’ the family of 2 x 2 matrices

F(t;x,0)= (F**(t; x,0), 0, f=1,2), xeR', Oe[—m, n)

satisfies conditions B and C (and condition D, too). Hence, one can con-
sider this family as the SDMF profile at the macroscopic time moment 7.
Examples of families of states that obey 1-3 are discussed in ref. 1.
In this section we give a short proof of this theorem.

Proof. Fix xeR' and /e Z. As in ref. 1, we consider Eq. (3.1) for the
case «=f =1 and evaluate the contribution given by the (g—¢) covariance
only. We have to study the limit of the sum

Y UM ) Up (67 0K q 15y - npe 151w D e (3.2)
At the first stage, as in ref. 1, one passes from (3.2) to

Y UM e ') Ut (7 '1) FRL (e([e '] —n))

n,n’

and then to the Fourier transform

1/4n22f df e cos[w(8) e~ ']

n
—7

X fn dp e ™ cos[w(0— @) e ] FYe([e~'x]1—n), 0) (3.3)
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Given xeR', we introduce a space cutoff for the function F“!(y,9), ie,
consider a function FJ'!(y, 8)=FLi(y,0), yeR', 0 [—x, n), such that

(1) EL\y,0)=F"Y(»,0), yelx—cot,x+cot], o, =12
(i) Fl(y,0)=0, yé¢[x—cot—ci,x+cot—c], Oel—mn)
(iii) Fl'(-,0)eCy, V0e[—m, n)

(iv) sup sup max(|[F3!(y,6)l,

veR Bef[—nm)

(8/0x) EgP(x, 0)1, 1(9%/0x7) F5"(x, 0)]) < o0

where ¢, > max jw'(8)| and ¢, >0 are constants.
In the next stage of the proof we replace the term FYe([e 'x]—n),0)
in (3.3) by the approximate value F3'(e([¢~'x] —n), 8). The difference
1/4n22j" do e cos[(8) e~ '1] j do " cos[ (0 + @) &~ 1]

x [V (e(Le'x] = n), 0) — Fo'(e([e~'x] —n), )]

contains nonzero addends for |n| > cye~'t only and goes to zero due to
rapid decreasing of the integral

J do e™ cos[w(6+ @) e 't]
for such values of n [see ref. 1, Lemma 2.6(iii)].

Now we use the Poisson formula [see, e.g., ref. 8, Chapter XIX, for-
mula (5.2)]

+ o0 + ¢
S FE+2kA) =n/2 Y, flnmfd) A5 feCe, & LeR', 2#£0 (34)

where f is the Fourier transform of f.
Denoting

A=y, 0)=FM (&~ 3, 0) (3.5)
we get

Y e EM(g([e 'x]—n), ) =& Y h A&’E’ 8_1x1(8"1(<0 +2kn), 0) (3.5)
%

it

where AF&’EIES_JX](U, 8), veR', fe[—n, n), denotes the “spatial” Fourier
transform of Fj§:[,-1,1(—y, 0), ie., the integral

f dy eivyﬁ(%:sl[s’lx]( —Js 0)
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Substituting (3.5") into the expression under consideration, we obtain
1/4n> Y J;d()e*”gcos[w(f))a‘lt]
x f_ dg ¢ cos[w(0 — @) e~ 1] EX(e([e~"x] —n), )
= 1/4r? J; df e " cos[w(B)e™"1] K” do cos[w(0+ @) e ']

xe7'Y TELk (e (@ + 2kn), 0) (3.6)
k

Using the fact that Fl'(-, ) belongs to C&, one concludes that the
contribution of the sum

Z Oe[s lx] ((P+2k7'€), 0)

k#0

is going to zero as ¢ — 0. In fact, this sum does not exceed, in absolute
value, the quantity

c;e”Hexp[—c,e 7 (2n + @)] +exp[ —c,e 7 '(2n — )]}
< 2c56 7 Lexp(—cye'n)

where ¢, and c¢; are positive constants.
So we have to compute the limit of the term corresponding to k=0,

1/472 r dfe " cos[w(B)e"t]e !

x| d cosLw(0— ) e 1] il ia(e 0, 0)
= 1/4z> [ db e (e )2

XJ% d(p (eiw(quy)e*lt+e—iw(0—(p)e“t)/2

xe T (e 0, 0) (3.7)
We write the rhs of (3.7) as the sum of four terms corresponding to the

products exp[ +iw(8)e 't exp[ +iw(0—@)e~'t]. All these terms are
investigated in the same way. As a result, the nonzero contribution is just
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given by the two terms that correspond to different signs of the exponents.
For definiteness, we consider the integral

1/167‘[2 Jn dee—ime;iw(ﬁ)e‘lz jn dqo eiw(@«f—(p)e’ll
xe L (e 0, 0) (38)
(the integral with the opposite signs of the exponents is treated in the same

way).
We write the usual Taylor sum representation for w(8+ ¢),

o(0+ @)= w(0) +'(0) ¢ + h(0, @) ¢*
and arrive at the following equality:

(3.8) = 1/1672 j 46 e~ j dg expl +iw'(0) e~ 1+ ih(0, @) 92~ 11]

xe ' TERl (e e, 0) (39)

After the change of variables ¢ ' =z, the rhs of (3.9) takes the form
1

1/167° j d@e*”"r " dzexp[ +iw'(0) zt + ih(0, ez) 2%t] "FiY -1 (2, 0)

- —€

(3.10)

In fact, since F§!,, -1, has compact support, we can restrict the
integral in (3.10) to a finite region (independent of ).
Writing

127 fu dz exp[ +icw'(0) zt + ih(0, ez) z%et ] Aﬁézj[s,lx](z, 0)

= 1/2n | dzexp[+i'(0) 2] Fl-1n(2 9)

1 B
+5 j " dzexplia(0) zr] {expLih(6, e2) 22er]— 1} FLl (2, 0)
(3.11)

we observe that the last integral goes to zero for any fixed u. On the other
hand, the first integral on the rhs of (3.11) asymptotically equals

Bl 1(@'(0) 1, 0) = By (e[e ™ 'x] — w'(8) 1, 6) (3.12)

822/52/1-2-28
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This goes to Fi'(x —w’(#) ¢, §) as ¢ > 0. The other integral coming from
(3.7) tends to FL'(x+w'(6) ¢, 0).

The last step is to remove the space cutoff and pass from Fy! to F'L.
This may be done because the Fourier transform AF&'SI[,[X](Z, ) is rapidly
decreasing. Thereby we get the result.

4. THE NEXT APPROXIMATION

In this section we study the further approximation in the
hydrodynamic behavior of the system. More precisely, we consider the
asymptotic behavior, as ¢ — 0, of the quantity

<yo[cs’1x](872t) yl[zeflx]+1(8¥2t)>1>% a f=1,2 (4.1)

where {P% ¢>0} is a family of states satisfying the conditions 1-3 of
Section 3. This means that we are looking at the system in a macroscopic
time £~ 't.
We shall need a new assumption D’ on the initial SDMF profile
{F(x, -), xe R'} which is somewhat stronger than that of D (see Section 3):
D. For every e[ —mn, n), the functions FP(..0) 0, p=1,2, are C*
and admit the representation

E8(x, 0)=1/2x j 490, ds) e~ (42)
R
where [°%(0,ds), 0e[—n,m), is a (complex) Borel measure on R
depending on the parameter 6 € [ —n, 7) and satisfying the condition

sup Var(ﬂaﬂ(99 ')|(7571,«s]u [s,:+l)) gaZ(I +S)‘2767 s>0
7}

with constants a, >0 and 6 > 2/3.
The result of this section (and the main result of this paper) is the
following theorem.

Theorem 4.1. Under conditions A-C and 1-3 of Section3 and
condition D’ of this section the following equality holds:

liIT:] (<0162 Yoo (6720 = FEB(5x;1)] =0 (4.3)
where the functions {F(¢; x;1); «, f=1,2} are given by

Feb(s; x; 1) = 1/2n j " d0 e PRt x; 0)
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with
1:"(16’)‘([; x; 6)
= 1/4[2na)”(6)t]’1/zjdz({exp[—izz/Zw”(G)t] Vil
x (FY (x+z+w'(0)e ', 0)+0(0) 2 F*(x+z+w'(B)e ', 0)
+2[w(8)] ' Im F' (x4 z+ 0'(0)e 11, 0)}
+(1//1) exp[[iz¥/20" (0) 11 {F* (x + 2 — /() '1, 6)
+0(0) PP (x+z—w'(0)e7't, 0)
—2[w(®] 'Im F' Y (x+z—-w'(0) et 0)})

FL2(t;%;0)
- 1/4[2nw”(0)t]*1/2jdz({exp[—izz/zw"(a)z] Ji)
x {io(0)F " (x +z+ 0'(8)e ™', 0) + iw(0)
x F*Yx+z+w'(8)e't,0)
+2Im F'Y(x+z+'(0) e 't, 0)}
+ (13/1) expliz*/20"(8) 1 1{ —i(8) F- (x + z — ' (0) e 11, §)
—iw(0)  FP?(x+z—w'(0) e 1, 0)
+2Im FY¥(x+z—w'(0) e '1, 0)})
F(Zg)l(t x;0)= F(lg)z(t x;0)
F(zgf—(t x;0)=w(0)? F(ls)l(t x; 0)

The matrix function F®(s; x; 0) 1= F(S)(et x; 0) satisfies Eq. (1.3). We do
not claim that the family of matrices {F,(f;x;0), t, xeR', 0e[—n, n)}
satisfies conditions A-D of Section 3: it seems that in a general situation
conditions B and C are violated.

Proof. As above, let 1> 0. Fix xe R and /e Z. We again consider the
relation (4.1) for «=f=1 and restrict ourselves to evaluating the con-
tribution given by the (g—q) covariance. We now have to study the limit of
the sum

Z Urz,l(gizl) U;{i—l( t)<q[s‘1x]—nq[£’lx]7n/>P€ (44)

n.n'

The first step is to pass from (4.4) to
Y UMM ) Uy (7% Fpl (e([e ™ 'x]—n))

n'+1 n’'—n
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and then to the Fourier transform

Y 1/4n? f d6 e~ cos[w(0) & 1]

ne”

x j dp e~ cos[w(0 — @) e~ 2] PV e([e~'x]—n), 8) (4.5)

[cf. (3.3)]. The difference

Z U):,l(s—zt) Uf:”i\—1(8—21)[<q[£’1x]—nq[s’lx]—n’>P€_F;;I—n(g([silx] _n))]

is estimated by using Lemma 2.6 from ref. 1 and condition 2 (see Section 3).
It is less than

L D SRR

niln—n't< —loge

. Z e;g|n—n’l> ]U;11"1+1(8_2t)l

n':iin—n'| = ~loge

< &Y |ULYe™?1)| [e(log e)* + cse]
< ¢, Y3[e(log e)? + cse]

where ¢,,...,, ¢; are positive constants. This goes to zero as ¢ - 0. We used
here the estimates from Lemma 2.6 in ref. 1.

In the next step we replace the function F 1J(,SA([z»:*lx] —n), 0) in (4.4)
wjth Fi(e([e~'x]—n), 8), where the function F{j(y, 0)=F) (v, 0) is
given by

FiMy, 0)=F"\(y,0)exp[—&***(y—x)’],  yeR (4.6)
where ¢’ € (4/3, 26) (see condition D’ above). The difference

Y 1/4n f 40 e cos[w(8) ¢ 1]

ne”

xjn do e cos[w (0 — @) e™%t]

x [F")(e([e'x]1—n), 0)— Fi)(e([e 'x]1—n), )]
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is estimated on the base of the same arguments as above. it is less than

dp e~ ™ cos[w(0— @) e~ 7t]

— 1

g Y

\n| > coe™

+ Cq Z

O n<ce

x {1 —exp[~&**%(en—e)*]}

< cqp8lt+ ¢y 837 %0

%

Jn do e "¢ cos[w(0— @) e *t] l

where cg,..., ¢;; are positive constants. Hence, it is going to zero.
Now we can apply the Poisson summation formula. Denoting

[cf. (3.5)]

Fli(—z,0)=FL)(&—20) (4.7)
we get {cf. (3.5)]

D PG e(le™ x]=m). 0) =o' Y Flg g (e (0 4+ 2km). 0) (A7)
k

where F(s) el x](v, 0),veR', 6e [ —n, n), denotes as before the Fourier
transform of F(E) 5[5‘1x]( z, 8) in the variable z. Substituting (4.7’) into the
expression under investigation, we obtain

Y 1/4nj dd e~ ™ cos[w(0) &~ 1]

ne#

X j" dp e~ cos[ (0 — ) e 1] F(lg(s([s“‘x] —n), 9)

= 1/4n> Jf" d0 e~ cos[w(B) s~1]

-7

x j dp cos[w(0 — @)e 2] e~ z FLL (e (@ + 2kn), 0)
- (4.8)
The next step of the proof is to check that the contribution of the sum
670 Y TFile (e (0 + 2kn), 6)
k#0
goes to zero as ¢ — 0. By using the representation (4.2), one writes

F(‘€§¢ v, 0) = (4ne® +2) " exp[iv(¢ — x)]

x fR A0, ds) exp[ —isx — (1/4) e =% (v + 5)2]  (49)
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We have from (4.9)

Y 1 FG (e (@ + 2k), 0)]

k#0
< Z (1/\/_2;)876‘/2—1

k+#0

f A41(8, ds) exp(isx)
|s] < (m/2)e~!

xexp{—1/2e % " *[e~ (¢ +2kn)+5]%}

+ Y (1 2m)e 0!

k#0

xexp{—1/2e %" [e Yo+ 2kn)+5]*}

A0, ds) exp(isx)

LSJ > (r/2)e!

(4.10)

The first sum on the rhs of (4.10) is not greater than

¢y, sup Var(g"'(6, -))e o7 ! { Y. exp[ —1/2¢ % ~*n?(2k — 3/2)2]}
6 k=1
(we use here the fact that, for |s| <& 'n/2, |o|<m, and k> 1, the bound
|@ + 2k + &s| = |2k — 3/2| = holds), while the second one does not exceed
013{5119 Var(ﬂl’l(es ')lR\(/ne’l/Z,ns_l/Z))}(l +g707 "
2

where we have done the summation

Y exp{—1/2¢% *[e Yo+ 2kn)+s]*}

k#0

under the integral and c¢,, c,; are positive constants. Both expressions tend
to zero as ¢ — 0 due to condition D’ and the choice of §'.

Therefore, as in the preceding section, we have to compute only the
limit of the term with k=0 in the sum on the rhs of (4.8),

‘1/4n2f" d exp(— ilf) cos[(8) ¢~ 2t]
x fﬂ dp cos[w(0— @) e~ 21e ' "FLL (60, 0)

— 1/4n? j d0 exp(— il0) {expLico(8) e~ 2] + exp[ — i (0) e~ 2] }/2

x[" do{explia(0— ) 1]

+exp[—im(0— @) e~ ]}/2e ' TFL (e 0, 6) (4.11)
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Writing the rhs of (4.11) as a four-term sum, we remark that, as in the
preceding section, the contribution of those terms that contain the
exponents with the same signs tends to zero. In fact, consider, for example,
the integral

[ db exp(—it0) explico (@) 2]

x [ dgexplio(0—g) e 2167 "Fi (e 10, 0)

- j d0 exp( —ilf) explio(0) e 2]

e~ 1n

x [ dpexpliv(0—ep)e ] il a(0.0)  (412)

Using the representation (4.9), it is not hard to prove that (4.12) tends
to zero, because for any fixed >0, the limit of (4.12) coincides with the
limit

lim j d8 exp(—ilf) exp[io(0) ¢ ~*1]

e—0

x j 4110, ds) exp(—isx) exp[io(@ +e) e~2]=0  (4.13)

—Uu

In fact, let us substitute (4.9) in (4.12) and change the order of the integrals
in do and fi'"(0, ds). The key remark is that the asymptotic behavior of the
integral

(4n65'+2)71/2J‘,&1’1(9, ds)

-1

x r : do explilo(ele 'x]—x)+ w(0 —ep) e 21— sx]

—é&

—1/4¢=% (o +5)*} (4.14)

is the same as that of

J 250, ds) exp{ilw(0 +es)e 2t —sx]}
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To prove this, we divide the interval (—¢ ™'z, ¢ 'n) of the integration in
do into two parts, {¢: |¢| <& 'm, |@+s|>¢'t%} and (—&'*? —s), where
40" €(0, 6'/2) is a constant. The contribution in (4.14) of the integral over
the first set vanishes, while the asymptotic behavior of the second addend is
not changed provided w(8 —¢@) is replaced by w(8 + es). Finally, let us
prove (4.13). Taking the three-term expansion of w(f + &s) in ¢, we reduce
the problem to proving the relation

lim j " 48 exp(—ilf) exp[i20(0) & %]

e—0

x r A0, ds) exp(—isx) exp{i[w'(0) e " 'st + 0"(0) s°t/2]} =0

—u

which is easy to see, integrating by parts.
Therefore, it remains to evaluate those terms in (4.11) that contain the
exponents with opposite signs. For definiteness, consider the integral

f" d8 exp(— ilf) exp[ — iw(8) e~ 1]

x fﬂ d(p Cxp[l(l)(e - (p) 872[] 8‘1 Aﬁgéi,a[a‘lx](gilw, 0)

= j d6 exp(— ilf) exp[ —iw(0) & %]

el

x| dp (explio(0—rp) e ] (0, 0) (415

In the same way as before, one can establish that the asymptotics of (4.15)
is the same as that of the integral

1/16n2f“ do exp(—ile)qu) exp[ —io'(8) e~ Lot + iw"(0) 91/2]
XA Fhl(lt’:;,s[e‘lx](q)’ 0)

= 187 j " 48 [exp(—il0)][i/2nw"(8) 112

X J dz exp[ —iz*2w"(0) t]

x Fld(ele'x]+0'(0) e 1 +2,0) (4.16)
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Finally, returning to (4.6), it remains to check that the asymptotics is not
changed when one replaces F;! ., 1., in (4.16) by F*'. This may be easily
done by integrating by parts.

In a similar way, one determines the asymptotics of all nonvanishing
terms on the rhs of (4.11). This gives the (g—¢) contribution into F - The
other terms are treated similarly. This leads to the conclusion of
Theorem 4.1.
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